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Abstract. Arterial bypass grafts tend to fail after some years due to Intimal Hyperplasia – an 
abnormal proliferation of smooth muscle cells that leads to stenosis and graft occlusion. In this 
regard and based on the Constructal Design method, this study seeks to investigate the effect 
of geometric parameters – stenosis degree, junction angle and diameter ratio on the flow 
through a bypass graft circumventing an idealized, partially-stenosed coronary artery. The 
computational model assumes a steady-state Newtonian fluid flow through an artery stenosis 
degree from 25% to 75%. A Computational Fluid Dynamics model and a Response Surface 
Methodology were employed to assess the effects of the project parameters on pressure drop. 
As diameter ratio increases to 1 and the junction angle decreases to 30º, the pressure drop 
decreases and there is a considerable dependence of pressure drop on the stenosis degree. The 
effects of diameter ratio are more pronounced than those of junction angle on the velocity field 
and wall shear stress. The application of the Constructal Design method in hemodynamics 
might be a good alternative to provide configurations with enhanced performance and to 
provide valuable results to the understanding of biological flows. 
 




D artery diameter [m] 
D0 stenosis diameter [m] 
D1 graft diameter [m] 
Dij strain rate tensor [s
-1] 
D1/D,opt optimum diameter ratio [-] 
2 
L length [m] 
m number of verification points [-] 
N number of mesh elements  [-] 
𝑝 dimensionless pressure drop [-] 
𝑝𝑚𝑖𝑛 minimum dimensionless pressure drop [-] 
𝑝𝑜𝑏𝑠 dimensionless pressure drop observed from verification points [-] 
𝑝𝑝𝑟𝑒𝑑 dimensionless pressure drop predicted from response surface [-] 
Re Reynolds number [-] 
S stenosis degree [-] 
Um average velocity [m s
-1] 
ui velocity vector [m s
-1] 
?̃?𝑖 dimensionless velocity field [-] 
V artery volume [m³] 
V1 graft volume [m³] 
?̃? dimensionless position [-] 
x position vector  [m] 
?̃?𝑖 dimensionless position vector  [-] 
 
Greek symbols 
𝛼 junction angle [-] 
𝛼,opt optimum junction angle [-] 
∆𝑝 pressure drop [Pa] 
𝜂 viscosity function [Pa s] 
𝜇 dynamic viscosity [Pa s] 
𝜌 mass density [kg m-3] 
?̇? shear rate [s-1] 
𝜏∗ normalized shear stress [-] 
𝜏𝑖𝑗 extra-stress tensor [Pa] 
?̃?𝑖𝑗 dimensionless extra vector tensor field [-] 
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1 INTRODUCTION 
The accumulation of fat in arteries’ walls can block partly or completely the flow of 
blood as well as cause atherosclerosis, which consists of a stiffening of the walls of these vessels 
(KU et al., 1985). As explained by Tian et al. (2013) and Liu et al. (2015) this abnormal 
accumulation is commonly designated as stenosis. Patients under these conditions can lose 
quality of life due to the loss of oxygenation of organs, tissues or the brain and are at risk for 
heart attacks or strokes. According to Guerciotti et al. (2017), one type of palliative treatment 
for high-risk patients is the coronary artery bypass graft (CABG) surgery, which consists of 
bypassing a stenotic region in order to restore proper blood flow to the heart. The main factor 
that affects graft patency is intimal hyperplasia (IH) – an abnormal proliferation of smooth 
muscle cells that is mainly observed between the graft and the coronary artery, resulting in the 
reduction of the lumen of the graft and leading to restenosis and graft occlusion (BASSIOUNY 
et al., 1992). 
Over the last two decades, computational fluid dynamics (CFD) methods have been used 
to investigate a possible correlation between hemodynamics in CABGs and IH development 
and aid in the development of an optimal graft design. Lei et al. (1997) analyzed the distribution 
of wall shear stress gradients for conventional geometries and demonstrated that it was possible 
to design an optimal graft geometry that significantly reduced wall shear stress gradients. 
Bertolotti and Deplano (2000) used a three-dimensional numerical model with different 
locations of the stenosis relative to the downstream junction and concluded that the risks of 
intimal hyperplasia at the anastomosis might be reduced by increasing the distance between the 
stenosis and the junction. Lee et al. (2001) studied the flow behavior of a complete bypass graft 
and a 100% occluded artery with different Reynolds number and junction angles. They 
demonstrated that the entrance and the exit junctions of the bypass were the two critical 
locations where the flow became disordered generally with recirculation zones. Cole et al. 
(2002) performed numerical simulations in a specific modified geometry of the Taylor graft in 
a totally-occluded artery and discovered that this modification led to hemodynamic benefits 
preventing intimal hyperplasia. Leuprecht et al. (2002) investigated the influence on the 
hemodynamic behavior and wall stresses caused by geometric conditions and different 
compliance of a conventional graft and the Miller-cuff type graft. Their results led to the 
conclusion that the better patency of the Miller-cuff prosthesis could be due to its larger space, 
demonstrating the considerable influence of asymmetries and local geometric irregularities on 
flow pattern. Chua et al. (2005a) investigated sleeve models that exhibited optimized 
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hemodynamics flows to be used as mechanical connectors between the bypass graft and host 
artery at the distal anastomosis, eliminating the need for quality suturing. Three models were 
studied varying the diameter and height of the sleeves and it was concluded that the sleeve 
model, which had the same diameter of the artery and the graft, exhibited improving 
hemodynamics flow characteristics. In a second study, Chua et al. (2005b) studied the flow 
characteristics of a complete coronary artery bypass graft (CABG) connecting two different 
arteries, the Aorta and the coronary artery, and found that smaller grafting angle and smooth 
geometry reduced the high wall shear stress gradient in junctions, thereby improving the long-
term graft patency rate. Politis et al. (2007) compared simulated blood flow in four different 
configurations of simplified composite arterial coronary grafts and suggested that the Y- and 
T-grafts were the best cases in terms of hemodynamic performance. Ko et al. (2007) performed 
simulations in a stenosed artery with a complete bypass graft to verify the influence in flow 
fields of different severity of occlusions (0%, 70%, 80%, 90%, and 100% area stenosis) in a 
fixed junction angle and graft diameter. They pointed out the influences of stenosis severity on 
the flow fields and suggested that this could be one of the causes of restenosis in the host artery 
with bypass graft implantation. Fan et al. (2008) studied numerically and experimentally the 
hemodynamics effects of an S-type bypass, demonstrating the occurrence of a swirling flow 
that altered the overall flow pattern and eliminated the low WSS zone along the host artery 
floor. Ko et al. (2008) compared the effects on the flow field of three different junction angles 
(45º, 60º and 75º) in a 70% area-occluded artery with a complete bypass graft and concluded 
that flow features (e.g., recirculation, secondary flow and WSS distribution) in the stenosed 
host artery and the bypass graft were closely related with the junction angle. Xiong and Chong 
(2008) and Do et al. (2010) investigated numerically the diameter ratio and the angle between 
the graft and host artery and both suggested that a higher diameter and a junction angle between 
30º to 45º would enhance long-term performance and lessen the development of IH. Vimmr et 
al. (2012) performed several numerical simulations of a complete three-dimensional coronary 
bypass model as a function of three geometrical parameters (stenosis degree, junction angle, 
and diameter ratio) and discovered that the diameter ratio was the most crucial parameter for 
coronary artery bypass grafting (CABG). Roos et al. (2013) focused their graft study in the 
illustration of potential benefits from the introduction of a fluid deflector to prevent the suture 
line from unhealthily high wall shear stress results. Their results suggested that a fluid deflector 
may be useful and beneficial in increasing the patency of the optimized graft. Fan et al. (2016) 
numerically studied the distribution of hemodynamic parameters in the left internal mammary 
artery (LIMA) bypass graft with stenosis of different degrees at various periods after surgical 
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revascularization postoperative. It was discovered that hemodynamics were associated with 
multiple morphometric parameters; i.e., graft configuration, severity of stenosis and LIMA 
geometry. Liu et al. (2016) numerically investigated the effectiveness of helical arterial grafts 
by comparing the hemodynamic performance of conventional and this kind of graft with 
different positions and smooth tapers. Their findings suggested that the new helical graft with 
taper would significantly enhance helical flow, which would reduce the thrombus formation 
and IH. Post et al. (2019) focused their analysis to estimate changes in fluid flow and wall shear 
stress as a function of graft compliance with the host artery and concluded that high compliance 
grafts displayed minimal changes in fluid flow and arterial remodeling. 
According to Constructal Law, stated by Adrian Bejan in 1996, “for a finite-size flow 
system to persist in time (to live) it must evolve with freedom in such a way that it provides 
easier access to imposed currents that that flow through it” (BEJAN, 1997). Constructal Law 
deals with the physical concepts of life, evolution, design, performance and time arrow 
(BEJAN, 2016). Under Constructal Theory, evolution and design in nature are deterministic 
because the living systems evolve in such a way to decrease resistance to flow (BEJAN and 
LORENTE, 2011). The growth of scientific research concerning Constructal Law has been 
documented in review articles (REIS, 2006; BEJAN and LORENTE, 2011; CHEN, 2012) and 
books (BEJAN, 1997; BEJAN and LORENTE, 2008; BEJAN and ZANE, 2012; BEJAN, 
2016). 
 
Constructal Design is the study and mathematical modeling of flow systems’ evolution. 
It has the capability to explain the configuration of existing systems in nature and to design 
flow systems in engineering. This design methodology has the objectives of accessing the 
effects of shape and geometry in flow performance and finding the optimal geometry according 
to Constructal Law (ROCHA et al., 2017). The applications of Constructal Design cover many 
engineering fields such as heat and mass transfer, renewable energy, manufacture and materials 
(ROCHA et al., 2017; RAZERA et al., 2018; FAGUNDES et al., 2019). Until now the few 
applications of Constructal Theory in medicine were within the field of cancer treatments, as 
studied by Wang et al. (2007) and Lucia and Grisolia (2018), and vision, in two papers by Lucia 
et al. (2016) and Lucia et al. (2017). 
Based on the Constructal Design method, this study seeks to investigate the effect of 
geometric parameters on the flow through a bypass graft circumventing an idealized, partially-
stenosed coronary artery. To this end, a Computational Fluid Dynamics model and Design of 
Experiments and Response Surface methodologies were used to evaluate the effect of geometric 
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parameters on pressure drop in different flow conditions. To the best of the author’s knowledge, 
the present study is the first one to apply the Constructal Design method in hemodynamics to 
investigate blood flow devices. The introduction of the Constructal Design method to the field 
of hemodynamics brings a valuable tool to the understanding of biological problems since the 
bypass geometry is known to affect the blood flow field significantly and to play an important 
role in potential graft failure due to intimal hyperplasia. 
 
2 METHODOLOGY 
2.1 Constructal design 
The problem domain is shown in Fig. (1). It is an idealized version of an artery partially 
obstructed by fatty material deposition and implanted with a graft with both proximal and distal 
anastomoses. The artery is represented as the host artery with a diameter equal to D and length 
equal to L. The main tube undergoes a stenosis that reduces it to diameter D0. The geometry is 
symmetric over the center of the stenosis in the axial direction. The graft is placed at a distance 
L2 from the center of the stenosis and its diameter is denoted D1. The junction angle is α and 
the graft diameter is denoted D1. L3 is the distance from the center where the stenosis begins. 
The detailed locations of heel, toe, bed, inner, outer and side-walls are indicated in Fig. (1). 
The flow problem consists of a fluid which enters the domain at the tube inlet with 
average velocity Um. Depending on flow conditions and geometry configuration, the flow is 
partially deviated through the bypass. It is assumed that the tube walls are rigid, impermeable 
and non-slip. The flow is also assumed to be three-dimensional, steady, incompressible and 
laminar. 
The full computational model for the geometry is depicted in Fig. (1) with main tube 
extensions of 25 diameters upstream and downstream (L5=25.D and L6=25.D) to obtain a fully 
developed flow. A uniform velocity profile, equal to 𝑈𝑚, was imposed at the inlet. At the outlet, 
a pressure outlet was imposed as boundary condition. For all simulations, the host artery 
diameter D is equal to 3 mm, corresponding to an average value of the right coronary artery 
(BERTOLOTTI et al., 2001). 
Since the stenosis is usually formed by material deposition, the main tube volume is 






𝑳                                                                                                             (1) 
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where V is the total artery volume, D is the artery diameter and L is the total artery length. 
 






𝐿4                                                                                                          (2) 
 
where V1 is the total graft volume, D1 is the graft diameter and L4 is the total graft length. 





𝑥100%                                                                                                   (3) 
 
where S is the stenosis degree and D0 is the diameter at the center of the stenosis. 
 
The ratios L/D, L2/D and L3/D were defined as constants as detailed in Tab. (1). A 
baseline case from literature (VIMMR et al., 2012) was used in the definition of these values. 
Three values of stenosis degree S (25%, 50% and 75%) were evaluated at three different 
Reynolds Number, (150, 250 and 400). Blood is modelled as an incompressible Newtonian 
fluid with density  = 1000 kg/m³ and dynamic viscosity 𝜇 = 0.0035 Pa. s (KO et al., 2007). 
The assumption of blood as Newtonian fluid is  acceptable and used by other studies in the 
hemodynamic area, e.g., Ko et al. (2007), Ko et al. (2008), Xiong, and Chong (2008) and 
Vimmr et al. (2012). 
Constructal Theory assumes that living systems evolve limited by space (ROCHA et al., 
2017). Accordingly, Constructal Theory systems must evolve in order to provide easier access 
to its flows (BEJAN and LORENTE, 2008). To this end, it was considered that the 
dimensionless pressure drop 𝑝 along the length L  should be as low as possible. 
Thus, an optimization problem was formulated as: “Find the minimum 𝑝. The design 
variables are the diameter ratio D1/D and the junction angle α. The restrictions are constant L/D, 
L2/D and L3/D.” Therefore, the degrees of freedom for this problem are the diameter ratio D1/D 
and the junction angle α.  A search is conducted for the diameter ratio D1/D and junction angle 
α that minimize the value of the pressure drop 𝑝𝑚𝑖𝑛 for specific combinations of S and Reynolds 
Number Re. To corroborate the results that minimize pressure drop, the effect of the geometric 
variation on velocity contours and wall shear stress (WSS) arisen in the host artery are also 
analyzed. Figure 2 details all the steps required by the Constructal Design methodology. 
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2.2 Mathematical modeling 
The mathematical modeling for the flow through the artery and bypass model consists 
of the mass and momentum balance equations for incompressible fluids. These equations 
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where ?̃?𝑖 denotes the dimensionless velocity field, ?̃?𝑖 the dimensionless position vector, 𝑝 the 
dimensionless pressure drop, ?̃?𝑖𝑗   the dimensionless extra stress tensor field, 𝑅𝑒 the Reynolds 
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𝜇
        (6) 
 
where ∆𝑝 is the pressure drop along L, 𝜌 is the fluid density, 𝜇 is the fluid viscosity and 𝑈𝑚 is 
the average velocity at the inlet. 
 
The constitutive equation for the extra stress is that of a generalized Newtonian liquid: 
 
𝜏𝑖𝑗 = 2𝜂(?̇?)𝐷𝑖𝑗                                                                                                       (7) 
 
where 𝜂(?̇?) is the viscosity function and Dij is the strain rate tensor, given as the symmetric part 
of the velocity gradient tensor (SLATTERY, 1999). For a Newtonian fluid, 𝜂(?̇?) is constant 
and equal to 𝜇. 
2.3 Numerical method and computational grid 
In order to solve the system of partial differential equations, it was employed the Finite 
Volume Method (PATANKAR, 1980) using the ANSYS/FLUENT v. 18.2 (ANSYS, 2015). A 
pressure-based solver was used with a pressure-velocity coupling method and second-order 
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interpolation functions for pressure and velocity fields. All calculations were conducted in 
double-precision representation of real numbers. The iterative algorithm was a false transient. 
The mesh was parameterized to keep proportional the element sizes according to the stenosis 
configuration and diameter ratio studied. Depending on the configuration, a total of 500,000 to 
950,000 tetrahedral finite elements were necessary to mesh the computational domain 
accurately. Along the walls, prismatic layers elements were used in order to better capture the 
boundary layer. Figure 3 presents a sample of the computational mesh for the model with  
detailed views at the cross section in the bypass and native stenotic artery. As convergence 
criterion, scaled residuals of each equation at an iteration were used and compared with a user-
defined convergence criteria equal to 10-6 for velocity and pressure fields. 
The Grid Convergence Index (GCI) method was applied for different values of junction 
angle 𝛼 and diameter ratio D1/D in the three values of stenosis degree (S = 25%, 50%, and 
75%). As explained by Celik et al. (2008), this method is useful for calculation and reporting 
of discretization error estimates in CFD simulations where experimental data may not be 
available for comparison.Table 2 summarizes these results where N represents the number of 
elements. It can be verified that the maximum GCI was 1.82%, refining the mesh in a factor of 
15% to 30%. It is important to observe that, based on experience and not on formal derivation, 
a GCI value of 5% is considered acceptable for this method (CELIK et al., 2008). 
2.4 Design of experiments and response surface methodology 
To investigate the effects of the junction angle 𝛼 and the artery diameter ratio D1/D on 
the pressure drop along the length L, the Response Surface methodology available in ANSYS 
Design Xplorer 18.2 was applied (ANSYS, 2016). A sparse grid method (MONTGOMERY, 
2013) was employed for the design of experiments to build the response surfaces and represent 
𝑝 as a function of the degrees of freedom D1/D and 𝛼, within the ranges 0.1 ≤ D1/D ≤ 1.0 and 
30º ≤ 𝛼 ≤ 70º. Sparse Grid is an adaptive model driven by the accuracy defined by the user. 
Initially, the program calculated four design points located at the edges and one design point 
located at the center of the response surface. Then, the response surface was elaborated with a 
maximum number of 1,000 design points per surface. This method increases the accuracy of 
the response surface by automatically refining the matrix of design points in locations where 
the relative error of the output parameter is higher, i.e., it refines design points only in the 
directions necessary (ANSYS, 2016). Figure 4 illustrates a response surface example with a 
different matrix of design points. It is noteworthy that each design point represents a specific 
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bypass configuration within the ranges 0.1 ≤ D1/D ≤ 1.0 and 30º ≤ 𝛼 ≤ 70º. In this study, the 
number of points needed to construct each surface ranged from 200 to 300. 
After building the response surfaces, the method suggests verification points.  Ten 
verification points (individual simulations) were used for each response surface. Here, the root 
mean square error (RMSE) is employed as an indicator of the quality of the response surface: 
 









𝑥100                                                                (8) 
 
where 𝑝𝑝𝑟𝑒𝑑 is the value of  𝑝  predicted from response surface, 𝑝𝑜𝑏𝑠 is the value of 𝑝 observed 
from the verification points, and m is the number of verification points. 
 
In all cases there was good agreement between individual simulations and the response 
surfaces. The maximum RMSE for the response surfaces presented in this work was 1.33%. 
 
3 RESULTS AND DISCUSSION 
3.1 Model verification 
Preliminary tests were performed using the numerical model and their results for the 
wall shear stress (WSS) were compared with those of Ko et al. (2007) for the case of Reynolds 
number Re equal to 250, blood viscosity 𝜇 equal to 0.0035 kg/m.s, blood  density 𝜌 equal to 
1000 kg/m³ and the parameters of the arterial graft D1/D equal to 1, junction angle 𝛼 equal to 
45° and stenosis degree S equal to 70%.The shear stress found at each point was normalized by 
the shear stress of a fully developed condition in the host artery. Three positions were verified 
on the wall artery (inner, outer and side wall, as presented in Fig. (1)). 
Figure 5 presents the results of the verification for the inner wall and outer wall. The 
side wall results are not included for simplicity since they were similar to the outer wall results. 
It can be verified that for most points there was good agreement between the present results and  
literature. 
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3.2 Response surfaces 
Figure 6 shows the response surfaces that represent 𝑝 as a function of the degrees of 
freedom, D1/D and 𝛼, within the ranges 0.1 ≤ D1/D ≤ 1.0 and 30º ≤ 𝛼 ≤ 70º. Each response 
surface represents the results of stenosis degree S equal to 25%, 50% and 75% at Reynolds 
Number Re equal to 150, 250 and 400. It is possible to observe that the nine response surfaces 
had a specific optimal point that minimized the dimensionless pressure drop 𝑝. For each case, 
a value of D1/D and 𝛼 where 𝑝 is minimum was obtained. In all situations, as the aspect ratio 
D1/D increased to 1 and the junction angle, 𝛼, decreased to 30º, 𝑝 decreased. However, as the 
stenosis degree became larger, i.e. the flow highly deviated through the bypass and the influence 
of 𝛼 in  𝑝  became almost unnoticeable. These results showed that the diameter ratio D1/D had 
a more significant effect on the pressure drop than 𝛼. The prominent influence of the D1/D ratio 
compared to the 𝛼 angle had been confirmed experimentally (TSUKUI et al., 2017) and 
numerically (XIONG and CHONG, 2008; DO et al., 2010; VIMMR et al., 2012) in idealized 
steady and pulsatile stenotic flows. Tsukui et al. (2017) also confirmed that a smaller junction 
angle (𝛼) yielded lower energy loss at bypass graft. 
Table 3 summarizes the optimal geometry results for the nine configurations. It is 
possible to notice a considerable dependence of 𝑝 on the stenosis degree S. Also, the optimum 
point for all cases was D1/D,opt equal to 1 and 𝛼,opt equal to 30°. This result indicated that by 
increasing the aspect ratio D1/D and decreasing the angle α a better result would be obtained. 
However, this situation would be impractical from the surgical standpoint because a graft of 
difficult suture would be produced (VIMMR et al., 2012). As a possible solution to this 
problem, Chua et al. (2005a) proposed sleeve models that could be used as mechanical 
connectors between the bypass graft and host artery, eliminating the need for quality suturing.  
As according to Constructal Law, everything that flows generates forms and structures 
over time in order to facilitate its movement through mediums that offer resistances to the flow 
(BEJAN and ZANE, 2012). So, by applying Constructal Design methodology, the optimum 
points found here were in accordance with previous studies that evaluated the graft design with 
other methodologies. Xiong and Chong (2008) speculated that a graft with a diameter of about 
1 to 1.5 times larger than that of the host artery, and a junction angle in the range of 30°–45° 
would improve hemodynamics. Do et al. (2010) found a similar result, where the junction angle 
is 40º with a diameter ratio equal to 1.6. Vimmr et al. (2012) concluded that the most favorable 
flow field was observed for the bypass model with a diameter ratio equal to 1 while reducing 
the probability of bypass failure due to thrombosis or intimal hyperplasia. 
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3.3 Velocity fields 
Velocity field data is presented at Re equal to 250 and for S equal to 25%, 50%, and 
75% to corroborate the results found on the response surfaces for the optimal bypass geometry. 
The main focus was on the isolated effect caused by the variation of the diameter ratio D1/D 
and junction angle 𝛼. For each stenosis degree, velocity contours are shown in Fig. (7), (8) and 
(9) at different diameter ratios (D1/D equal to 0.5; 0.7; and 1.0) for a fixed junction angle, equal 
to 30° (𝛼,opt found in Tab. (3)). 
As expected from section 3.2, the increase of  aspect ratio D1/D provided a greater flow 
deviation through the bypass. It is worth noting that for S equal to 25% the placement of the 
bypass graft did not significantly affect blood flow. As the degree of stenosis increased, the use 
of the bypass became more effective. These findings were consistent with Ko et al. (2007) and 
Vimmr et al. (2012), who asserted that stenosis degree smaller than 50% were commonly 
described as hemodynamically insignificant because there was no impact on the blood supply 
to downstream tissues. Furthermore, according to Fan et al. (2016) mild stenosis could 
significantly reduce the resistance and induce a small pressure gradient from the inlet of a 
bypass, causing a competitive flow through it and reducing its long term patency. 
In addition, with the increase of D1/D, larger recirculation zones appeared for stenosis 
of 50% (?̃? = -2 to 0 and ?̃?  = 1 to 3) and 75% (?̃? = -2 to 0 and ?̃?  = 1 to 3). This situation was 
already well reported by several authors. Bertolotti et al. (2001) and Ko et al. (2007) observed 
the recirculation zone upstream of the junction and pointed out that, downstream of the junction, 
the greater  the bypass flow (i.e., as the stenosed severity increases), the greater the distance to 
obtain the maximum velocity at the center of the artery and the greater the distributing areas of 
recirculation zones. Lee et al. (2001) concluded that the entrance and the exit junctions of the 
bypass were the two critical locations where the curved, twisted and disturbed flow in the 
bypass was prone to damage the particles in the blood flow. Hence, recirculation zones next to 
the occlusion allow the damaged particles and substances to accumulate. Because of this 
phenomenon bypass surgery tends to fail after some years, being well recognized that non-
uniform hemodynamics contributes to restenosis and the risk of thrombosis due to the 
possibility of blood cell accumulation (OWIDA et al., 2012; VIMMR et al., 2012). 
Jet blood flow was observed in the post stenotic region (?̃? = 0), especially at severe 
degrees of stenosis (S = 75%) and when D1/D had lower values. The complexity of these flow 
patterns had been analyzed in the most recent studies in the hemodynamic area at stenotic 
arteries without bypass graft. Conti et al. (2016), Sood et al. (2018) and Andersson et al. (2019) 
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reported in their studies that such crossing pattern of the jet could impair essential endothelial 
functions and increase the susceptibility and progression of vascular diseases. The greater the 
degree of stenosis, the more distinct, stronger and eccentric was the jet flow. However, its role 
as a pathological determinant was still less understood (ANDERSSON et al., 2019). 
Referring now to Fig. (10), (11) and (12), velocity contours are presented at different 
junction angles (𝛼 equal to 30º; 40º; 50º; 60º; and 70º) for a fixed diameter ratio equal to 1 
(D1/D,opt found in Tab. (3)). For any degree of stenosis, it is noteworthy that at lower junction 
angles (Fig. (10a), (11a) and (12a)), smaller peaks of velocity appeared along with the domain, 
i.e., blood flow was more uniform in both the bypass and the artery. Upstream of the stenosis 
no significant differences in velocity contours as well as in recirculation zones were noticed. 
Downstream of the stenosis, at S equal to 50% (Fig. (11)) and 75% (Fig. (12)), an accentuation 
of a recirculation zone could be seen near the toe (?̃? = 3 to 5) with the increase of the junction 
angle. Besides, at S equal to 75% (Fig. (12)), the increase of 𝛼 promoted a greater direction of 
flow against the bed of the artery (?̃? = 3 to 4). These findings were in line with previous steady 
and pulsatile studies that stated the anastomotic angles greatly dominate the flow conditions 
around the heel, toe, and across the artery bed. Lee et al. (2001) and Do et al. (2010) concluded 
that a smaller angle meant weaker secondary flow and smoother overall flow but in practice it 
took a longer suture line which would be more vulnerable to thrombosis. Chua et al. (2005a) 
and Owida et al. (2012) observed that high gradients of velocity were found in the post stenotic 
region, which might be the reason for the IH to be more prevalent at this region. Regardless of 
the angle studied in a 70% stenotic artery, Ko et al. (2008) stated that there are four low-velocity 
regions in the artery and one in the graft. They also concluded that the increase of anastomotic 
angle caused less percentage of the mass flow rate flowing into the bypass graft but did not 
influence the flow patterns. Vimmr et al. (2012) pointed out as a practicable solution an 
intermediate angle that ensured a relatively uniform flow field but did not require a complicated 
implementation technique and a longer suture line. 
3.4 Wall Shear Stress (WSS) 
Intimal hyperplasia formation is associated with low WSS values and there is a risk of 
plaque rupture at high shear stresses (OJHA, 1994; HARUGUCHI et al., 2003; PEIFFER et al., 
2013). In this section the focus is on the shear stress behavior at artery wall. Results are shown 
at Re equal to 250, critical stenosis degree equal to 50% and 75% and, similarly to velocity 
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contours, the focus is on the isolated effect on WSS caused by the variation of the diameter 
ratio D1/D and junction angle 𝛼.  
The shear stress found in each point was normalized by the shear stress at a fully 
developed condition in the host artery. Remarkable results are pointed out at three positions on 
the wall artery (inner, outer and side wall, as presented in Fig. (13) to (18)). In any of the three 
wall positions studied, it was possible to observe that with the increment of the stenosis degree 
higher WSS values were obtained in the constricted area (?̃? = 0). This result was in agreement 
with the conclusions of Ko et al. (2007) and Vimmr et al. (2012). Also, by reducing the diameter 
ratio, there was an expressive increase in WSS values in the area of stenosis (?̃? = 0). A less 
representative increase in WSS occured in same region with increment of junction angle.  
At the inner wall (Fig. (13) and (14)), increasing the diameter ratio or reducing junction 
angle induced higher WSS values in the entrance of bypass (?̃? = -2 to -1) and toe regions (?̃? = 
3 to 4). These results suggested that by increasing the aspect ratio D1/D and decreasing the angle 
α, more blood flow was deviated through the bypass. Another observation at the inner wall in 
Fig. (13b) and Fig. (14b) were the negative values of WSS in the recirculation zones (?̃? = 3 to 
4). It was possible to conclude that the increase in junction angle provided a more intense 
recirculation zone at the toe region (?̃? = 3 to 4).  This result was in contrast to Vimmr et al. 
(2012) which did not observe an appreciable influence of junction angle in the pre and post-
stenotic regions. However, in the vicinity of the toe, a larger angle exposed the wall to lower 
shear stress. Do et al. (2010) also pointed out that by changing the junction angle the WSS 
locations were more pronounced around the graft and at the bed near the toe. 
 On the outer wall (Fig. (15) and (16)) it is noted the influence on WSS caused by the 
variation of diameter ratio and junction angle. In Fig. (15a), in the post stenotic region (?̃? = 2 
to 4) the increase in D1/D caused higher WSS values. In Fig. (16b), the increase in junction 
angle caused a peak of shear stress in the artery bed (?̃? = 3 to 4). Chua et al. (2005a) and Ko et 
al. (2008) also reported high gradients of WSS in the post stenotic region at the artery bed by 
increasing the junction angle, which may be the reason for the thicker intimal hyperplasia at the 
floor of host artery. All these observations were also noted on the side wall (Fig. (17) and (18)). 
The difference is in Fig. (17b) and (18b) in the region upstream of the stenosis (?̃? = -3 to -2), 
where greater negative WSS values were observed for larger angles. 
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4 CONCLUDING REMARKS 
In this work, it was investigated the effects of geometric parameters in different flow 
conditions of a bypass graft in an idealized, partially-stenosed coronary artery. Using 
Constructal Design associated with Design of Experiments and Response Surface 
methodologies, nine response surfaces were generated, each one representing the results of 
stenosis degree S equal to 25%, 50%, and 75% and for Reynolds number equal to 150, 250 and 
400.  It was found for which values of D1/D and 𝛼 the dimensionless pressure drop 𝑝, was 
minimized. In all situations, as the diameter ratio increased to 1 and the junction angle decreased 
to 30º, 𝑝 decreased. Also, it was possible to notice a considerable dependence of  𝑝 on the 
stenosis degree S. The optimum point for all cases was D1/D,opt equal to 1 and 𝛼,opt equal to 
30°, which was confirmed by previous studies. It was also evaluated the isolated effects on 
velocity contours and wall shear stress (WSS) caused by the variation of the diameter ratio D1/D 
and junction angle 𝛼. The results showed that D1/D had more significant effects than 𝛼. It is 
noteworthy that the Design of Experiments and Response Surface methodologies can be used 
in the future to evaluate other hemodynamic parameters to improve the results found so far. 
At this point, some limitations of this study should be mentioned. First of all, a steady-
state condition was applied while the blood flow is known to be pulsating. Secondly, the blood 
was assumed as a Newtonian fluid, which may affect the results found at low shear stress rates. 
Moreover, the grafts and arteries were assumed as rigid walls and idealized without considering 
a patient-specific vascular model. In addition,  literature does not yet provide many 
experimental data that are essential for validation and clinical adoption of any proposed 
configuration. 
Despite the above-mentioned simplifications and assumptions, by applying Constructal 
Design methodology, the main conclusions and the optimal graft design found in this paper are 
in accordance with previous studies that evaluated the graft design with other methodologies. 
It is worth mentioning that until now the few applications of Constructal theory in medicine 
had been with respect to cancer treatments in two works. One, by Wang et al. (2007) evaluated 
the crucial problem of keeping the temperature of the healthy tissue surrounding the tumor 
below a certain threshold so as not to damage the tissue itself. The other, by Lucia and Grisolia 
(2018) studied the entropy generation related to the pH changes obtained by ionic transport 
through a membrane related to mitosis/apoptosis ratio and fundamental to evaluate the 
probability of evolution of cancer. Other two works in the vision area used an approach based 
on Constructal Law: one to analyse the pressure inside the eye’s anterior chamber in relation to 
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the biomechanical properties of corneas (LUCIA et al., 2016) and the other verified how the 
chloride ions fluxes can determine the water inflow and outflow and to understand how 
intraocular pressure is controlled by these fluxes (LUCIA et al., 2017). Finally, starting from 
the outcomes obtained here, it is evident that the introduction of the Constructal Design method 
in the area of hemodynamics can provide valuable results for problems that literature still does 
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Figure 1 – Representation of the problem domain. 
Figure 2 – Flowchart with application of Constructal Design and Sparse Grid methods for the 
present problem. 
Figure 3 – Isometric view of the computational mesh for the model (a) with a detailed view at 
the cross section in the bypass and native stenotic artery (b) and a front mesh view of the bypass 
(c) and stenosis region (d). 
Figure 4 – Representation of a response surface with different matrix of design points generated 
by the Sparse Grid method. 
Figure 5 – Model verification. Results of the normalized shear stress, *, at the inner wall (a) 
and outer wall (b). 
Figure 6 – Response surfaces representing 𝑝 as a function of D1/D and 𝛼 for the stenosis degree 
and Reynolds number as follows: (a) Re=150 / S=25%; (b) Re=150 / S=50%; (c) Re=150 / 
S=75%; (d) Re=250 / S=25%; (e) Re=250 / S=50%; (f) Re=250 / S=75%; (g) Re=400 / S=25%; 
(h) Re=400 / S=50%; (i) Re=400 / S=75%. 
Figure 7 – Effect provided by the variation of diameter ratio, D1/D, in a fixed junction angle, 
𝛼,opt = 30°, on velocity contours for stenosis degree, S = 25% and Re = 250. (a) D1/D = 0.5; (b) 
D1/D = 0.7; (c) D1/D = 1.0. 
Figure 8 – Effect provided by the variation of diameter ratio, D1/D, in a fixed junction angle, 
𝛼,opt = 30°, on velocity contours for stenosis degree, S = 50% and Re = 250. (a) D1/D = 0.5; (b) 
D1/D = 0.7; (c) D1/D = 1.0. 
Figure 9 – Effect provided by the variation of diameter ratio, D1/D, in a fixed junction 
angle, 𝛼,opt = 30°, on velocity contours for stenosis degree, S = 75% and Re = 250. (a) D1/D = 
0.5; (b) D1/D = 0.7; (c) D1/D = 1.0. 
Figure 10 – Effect provided by the variation of junction angle, 𝛼, in a fixed diameter ratio, 
D1/D,opt = 1, on velocity contours for stenosis degree, S = 25% and Re = 250. (a) α = 30°; (b) α 
= 40°; (c) α = 50°; (d) α = 60°; (e) α = 70°. 
Figure 11 – Effect provided by the variation of junction angle, 𝛼, in a fixed diameter ratio, 
D1/D,opt = 1, on velocity contours for stenosis degree, S = 50% and Re = 250. (a) α = 30°; (b) α 
= 40°; (c) α = 50°; (d) α = 60°; (e) α = 70°. 
Figure 12 – Effect provided by the variation of junction angle, 𝛼, in a fixed diameter ratio, 
D1/D,opt = 1, on velocity contours for stenosis degree, S = 75% and Re = 250. (a) α = 30°; (b) α 
= 40°; (c) α = 50°; (d) α = 60°; (e) α = 70°. 
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Figure 13 – Results of normalized shear stress, *, provided by the variation of (a) diameter 
ratio, D1/D and (b) junction angle, 𝛼 at the inner wall for S = 50% and Re = 250. 
Figure 14 – Results of normalized shear stress, *, provided by the variation of (a) diameter 
ratio, D1/D and (b) junction angle, 𝛼 at the inner wall for S = 75% and Re = 250. 
Figure 15 – Results of normalized shear stress, *, provided by the variation of (a) diameter 
ratio, D1/D and (b) junction angle, 𝛼 at the outer wall for S = 50% and Re = 250. 
Figure 16 – Results of normalized shear stress, *, provided by the variation of (a) diameter 
ratio, D1/D and (b) junction angle, 𝛼 at the outer wall for S = 75% and Re = 250. 
Figure 17 – Results of normalized shear stress, *, provided by the variation of (a) diameter 
ratio, D1/D and (b) junction angle, 𝛼 at the side wall for S = 50% and Re = 250. 
Figure 18 – Results of normalized shear stress, *, provided by the variation of (a) diameter 



















































































Table 2 – Some samples of Grid Convergence Index (GCI) for different bypass configurations 
at Re = 250. 
  Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 
D1/D 0,1 0,1 0,1 0,55 1 1 1 1 
α 30° 30° 70° 50° 30° 30° 70° 70° 
S 25% 75% 75% 50% 25% 75% 25% 75% 
N1 529,773 820,701 669,261 731,031 640,062 940,363 510,872 803,049 
N2 431,466 709,991 570,235 564,503 533,546 786,550 434,428 651,633 
N3 364,651 542,664 454,099 425,013 455,450 574,455 368,760 490,328 
𝑝,𝑁1 2.712 133.408 133.475 4.796 2.258 2.659 2.362 3.924 
𝑝,𝑁2 2.715 133.493 133.874 4.835 2.326 2.662 2.415 3.928 
𝑝,𝑁3 2.723 136.925 134.216 4.847 2.331 2.676 2.437 3.929 




































Table 3 – Optimum results for each stenosis degree, at Re equal to 150, 250 and 400. 
Re S 𝑝,min D1/D,opt α,opt 
150 25% 3.315 1 30° 
150 50% 3.685 1 30° 
150 75% 3.978 1 30° 
250 25% 2.186 1 30° 
250 50% 2.435 1 30° 
250 75% 2.659 1 30° 
400 25% 1.574 1 30° 
400 50% 1.755 1 30° 
400 75% 1.942 1 30° 
 
 
